A formalism is developed for calculating the quasienergy states and spectrum for time-periodic quantum systems when a time-periodic dynamical invariant operator with a nondegenerate spectrum is known. The method, which circumvents the integration of the Schrödinger equation, is applied to an integrable class of systems, where the global invariant operator is constructed. Furthermore, a local integrable approximation for more general nonintegrable systems is developed. Numerical results are presented for the double-resonance model. ͓S1050-2947͑98͒07801-9͔
I. INTRODUCTION
The time-dependent Schrödinger equation can be integrated directly ͓1͔ or approximated, e.g., by analytic Dyson or Magnus ͓2-4͔ expansions to obtain the evolution of the system in the form of the fundamental propagator. For timeperiodic systems, the Floquet theory ͓5,6͔ provides a unique functional form for a propagator, which permits one to construct the solution for any time from the first cycle. Using the periodic form of the Floquet propagator, the problem can be reformulated in terms of solutions ͑quasienergy states͒ and eigenvalues ͑quasienergies͒ that characterize and determine the dynamics of the system. Nevertheless, the Schrödinger equation still has to be integrated over the first cycle.
We know from classical mechanics that an integrable system, when perturbed, leads to soft chaos in the sense of the Kolmogorov-Arnold-Moser theorem ͓7͔. That is, the phase space of the integrable system is entirely stratified by invariant tori, specified by actions I j , on which the motion is linear in time and characterized by the frequencies j ϭ j (I j ). The neighborhood of the resonance tori corresponding to commensurable frequencies with rational winding numbers ⍀ϭ i / j ϭr/s ͑integer r,s) are usually destroyed in the presence of perturbations. For the remaining tori, the Einstein-Brillouin-Keller ͑EBK͒ quantization ͓7,8͔ allows a semiclassical approximation of the quasienergy spectrum.
We present here an entirely quantum-mechanical formalism, which allows us to construct the quasienergy spectrum and quasienergy states from the knowledge of a global invariant operator of the system. In this way, the integration of the Schrödinger equation, often a laborious task, can be avoided.
It is well known that generic time-periodic Hamiltonians are nonintegrable and both regular and chaotic motions coexist ͓9,10͔. Here we discuss systems where the chaotic component can still be considered as small and the main characteristics are dominated by regular dynamics. For an approximate treatment of such systems, two different strategies can be employed. First, one can make use of the semiclassical EBK quantization to quantize the states supported by classical invariant tori ͓8͔ ͑by means of interpolation, this method can also be used to quantize weak chaotic components ͓11,12͔͒. Alternatively, one can construct an integrable approximation to the Hamiltonian, which can then be treated quantum mechanically in ͑almost͒ closed form.
In Sec. II, the general formalism is developed and in Secs. III and IV applied to integrable systems and nonintegrable ones for which approximate ͑local͒ invariant operators are constructed. First, in Sec. III a class of integrable systems is presented and its invariant operator form is derived. Then the formalism is applied to a specific example: a single resonance system. In Sec. IV, the nonintegrable doubleresonance model is treated as an example where an approximate invariant operator can be constructed. Approximate quasienergies and quasienergy states are computed and compared with exact results and a previously suggested harmonic-oscillator approximation. Finally, in Sec. V we summarize our results.
II. FORMALISM
A quantum system described by a time-periodic Hamiltonian ͑period T) evolves from an initial state ͉⌿(0)͘ to the state ͉⌿(t)͘ϭÛ (t)͉⌿(0)͘ according to the Schrödinger equation
where Û (t) is the unitary evolution operator with the initial condition Û (0)ϭ1 . As Ĥ (t) is T periodic, Floquet theory ͓5,6͔ provides a fundamental set of solutions: the Floquet or quasienergy states
where ͉ ␣ (tϩT)͘ϭ͉ ␣ (t)͘ and ␣ is the quasienergy. The quasienergy states are obtained as the eigenvalues and eigenvectors of the Floquet operator: the time evolution operator Û (T) over one period T of the system *Present address: MPI für Physik Komplexer Systeme, D-01167
Let us now assume that the system possesses a Hermitian invariant operator Î(t)ϭÎ
which is one of a complete set of commuting observables, so that there is a complete set of eigenstates of Î(t). Furthermore, Î(t) should not involve time-derivative operators. Then, following Lewis and Riesenfeld ͓13͔, the general solution of the Schrödinger equation is
͑5͒
where ͉,k;t͘ are the normalized instantaneous eigenstates of Î(t) with eigenvalues . The index k describes the degeneracy of the eigenvalue and the c k are t independent. We call the particular state ͉ k (t)͘ a Lewis and Riesenfeld k solution. The Lewis phases ␣ k (t) are determined by the expectation value of the Floquet operator iប‫ץ/ץ‬tϪĤ (t) with respect to the eigenstates of the invariant
provided the ͗,kЈ;t͉iប‫ץ/ץ‬tϪĤ (t)͉,k;t͘ are zero for kЈ k ͓this is always possible, because the Floquet operator iប‫ץ/ץ‬tϪĤ (t) is Hermitian and is therefore diagonalizable͔.
In addition, we assume that the invariant operator is T periodic and its eigenvalues are nondegenerate: ͉,k;t͘ ϭ͉;t͘. In this case, they are also T periodic ͉;T͘ϭ͉;0͘ and a particular solution ͉ (t)͘ of Eq. ͑5͒ after one period is
Comparing Eq. ͑3͒ with Eq. ͑7͒, the quasienergies are identified as
up to a factor of បϭ2ប/T. Rewriting ͉ (t)͘ as
where ͉ (t)͘ is the T-periodic state vector in Eq. ͑2͒, because of ␣ (tϩT)ϭ␣ (t)ϩ␣ (T), and ͉;t͘ is T periodic. It is clear that the Lewis and Riesenfeld solutions ͉ (t)͘ are the quasienergy states. As mentioned in the Introduction, there is no need here to know the evolution operator Û (t), whose calculation is frequently a difficult task. If a T-periodic invariant operator Î(t) not involving t derivatives can be found with a complete set of nondegenerate eigenstates ͉;t͘, the quasienergy spectrum can be determined from Eq. ͑8͒, which is in a one-to-one relation with the spectrum of the invariant, while Eqs. ͑9͒ and ͑10͒ determine the quasienergy states.
In a previous article ͓14,15͔ we have shown that it is in principle possible to find such an invariant operator for systems whose Hamiltonian is generated by a dynamical algebra closed with respect to the action of the commutator. We have treated there two examples of such integrable systems: the generalized harmonic oscillator and the two-level system. In the following section we apply the formalism to a class of integrable systems, constructing first its invariant operator and then considering a single resonance system as a specific example.
III. AN INTEGRABLE CASE
Examples of integrable systems are rare, but because of their conceptual importance they are discussed repeatedly in the literature. By far the most intensively analyzed system is the celebrated time-dependent harmonic oscillator, where the importance of the dynamical Lewis invariant is well established ͑see, e.g., ͓14͔ and references given there͒. Here we discuss a very simple example of an integrable system with Hamiltonian form
with ͓x ,p ͔ϭiប ( is a real number͒. Transforming into a rotating frame
͑12͒
the Schrödinger equation can be written as
with p ЈϭϪiប‫ץ/ץ‬xЈϭp . The operator Ĥ (x Ј,p Ј)Ϫp Ј does not depend explicitly on time in this frame and is therefore a constant of motion. Thus, returning to the former frame, this constant of motion will define an invariant operator for the system defined by the Hamiltonian ͑11͒:
as can be easily checked by inserting Eq. ͑14͒ into Eq. ͑4͒. For this class of systems, regardless of the particular form of the p or x dependence as far as time dependence goes, together with x as in Eq. ͑11͒, an invariant operator of the form ͑14͒ exists and the Lewis-Riesenfeld phase can be found from Eq. ͑6͒ as
where is the ͑time-independent͒ eigenvalue of the invariant Eq. ͑14͒. As a particular time-periodic example of the class of systems defined by ͑14͒, we consider the Hamiltonian
which models, e.g., the planar motion of a dipole ͑a diatomic molecule in the rigid rotor approximation͒ in a time-periodic electric field with circular polarization. The invariant operator is given by Eq. ͑14͒ ͑the frequency of the field can be taken to be unity by rescaling the time͒. It should be noted that for one-dimensional systems with quadratic p dependence, a general dynamical invariant has been driven by Ray ͓16͔. The dynamical invariant operator ͑14͒ with the Hamiltonian ͑16͒ is in complete agreement with this result up to an irrelevant constant term 2 /2, which is evident by using F(t)ϭw(t)ϭkϭ0, (t)ϭ1, and GϭϪ f /2 cos(xϪt) in Eqs. ͑1.5͒-͑1.8͒ of ͓16͔.
To construct the quasienergy states, we solve the eigenvalue equation for the invariant operator Î͑t ͉͒;t͘ϭ͉;t͘, ͑17͒ which leads to the Mathieu equation ü ϩ͑aϪ2q cos 2y ͒uϭ0, ͑18͒
where the overdots denote derivation with respect to yϭ( Ϫtϩ)/2 and the parameter q is given by
The characteristic values a determine the eigenvalues of the invariant
and the wave functions are given by
The 2-periodic boundary conditions for the eigenstates ͑21͒ yield -periodic solutions of the Mathieu equation. Now the -periodic solutions correspond to the countable infinite set of characteristic values c 2n (q), nϭ0,1, . . . ͓17͔. For convenience, they are often separated in two sets: a 2n (q), which yield even -periodic solutions u 2n e (y), and b 2n (q), which yield odd -periodic solutions u 2n o (y). For fixed real qϾ0 the characteristic values a 2n and b 2n are real and distinct ͑therefore they are nondegenerate͒ and ordered as a 0 Ͻb 2 Ͻa 2 Ͻb 4 Ͻ•••. Therefore, the eigenstates ͉;t͘ of the invariant satisfying the boundary conditions are
As for this system the invariant operator satisfies the conditions discussed above, the quasiangles n ϭ n T/ប, from Eqs. ͑8͒ and ͑15͒, are
determined by the characteristic values c 2n (q) up to multiples of 2. The quasienergy states are therefore ͓see Eqs. ͑9͒ and ͑10͔͒
As demonstrated in the following section, an integrable system of this type can be used to construct local approximations to the quasienergy states of nonintegrable systems. In this way, the spectral structure of the system under consideration can be analyzed.
IV. A NONINTEGRABLE CASE
As mentioned in the Introduction, global nonintegrability of a system seems to be the rule. However, for classical systems we know that some local approximate invariants may exist as can be easily seen by a simple inspection of the Poincaré surface of section. Moreover, Chirikov showed that, within a so-called secular perturbation theory, dynamics in the vicinity of nonlinear resonances can be described by the ͑integrable͒ motion of a generalized pendulum ͓18,9͔. It would be instructive to construct approximations for these invariants in quantum mechanics. In this section, we discuss the problem for a typical example, the double-resonance model.
In dimensionless units, the Hamiltonian is
which, as before, represents, e.g., a rigid planar diatomic molecule interacting with an electromagnetic field whose direction is now fixed in space, which makes the system nonintegrable. This system is also known as the doubleresonance model as is clearly seen by rewriting the Hamiltonian as
Because of its fundamental importance, this model has been studied by several authors ͓19-27͔ also because of applications to collisional and spectroscopic experiments, where molecules are oriented in an electric field ͓28͔. For the classical system, two fundamental resonances with frequencies ⍀(J ϩ )ϭ1 and ⍀(J Ϫ )ϭϪ1 at J Ϯ ϭϮ1 are immediately recognized, where the system rotates clockwise or counterclockwise with the field. The centers of these main resonances appear as stable fixed points in the stroboscopic Poincaré section shown in Fig. 1 for a scaled field strength f ϭ0.1, where a few classical trajectories are shown in momentum space at times tϭnT, nϭ1,2, . . . .
For small values of the parameter f , the width of the resonances is small compared to their distance leaving the system almost integrable. As a result of the perturbation between the two resonances, invariant tori around the separatrix of each resonance are deformed. With increasing parameter f more and more tori are destroyed and the Poincaré section shows a ͑bounded͒ extended chaotic zone generated by a single classical trajectory ͓24͔. In Fig. 1 the resonance layer is still very thin and can only be seen as a thickening of the separatrix. A secondary resonance coupling the motion between the two primary islands is also observed.
In a quantum treatment of this system, we can make an attempt to construct a local invariant operator for the individual resonances. Around each primary resonance the system has a slowly varying term ͓see Eq. ͑26͔͒ and a rapidly varying one that, after averaging, yields a negligible contribution ͓9,26͔. Thus we approximate the system by the co-or counterrotating Hamiltonian
respectively. The Ĥ Ϯ are integrable, with an associated invariant operator ͑14͒
Thus, following the formalism of Sec. II, the approximate quasienergy spectrum is given by Eq. ͑23͒ and its quasienergy states ͉ n (t)͘ by Eq. ͑24͒ with ͉͗ Ϯ ,t͘ϭexp͓Ϯi͑Ϯt/ប ͔͒u 2n ͓͑ϯtϮ͒/2͔. ͑29͒
Note that the quasienergies are identical for the two cases. In order to explore the validity of this simple approximation, we solve the Schrödinger equation numerically for the exact Hamiltonian given by Eq. ͑26͒ and compare the results. The evolution operator ͑3͒ is propagated to tϭT by means of the (t,tЈ) method ͓1͔. For this purpose, the quasienergy states ͑2͒ are expanded in the free-rotor basis
and then the coefficients C m,␣ are determined numerically. The free-rotor Hamiltonian Ĥ 0 ϭĴ 2 /2 is in the following used to label the states by ␣ϭ1,2,3, . . . in increasing order of its expectation value
i.e., the kinetic energy. Because of the symmetry of the Hamiltonian, the quasienergy states will have a definite parity. Even quasienergy states are obtained when the free-rotor states ͉m͘ in the expansion ͑30͒ are
and odd ones when the ͉m͘ are
for mϭ1,2, . . . . In the numerical calculations, we use a value of បϭ0.01, which yields converged results when the expansion ͑30͒ is confined to ͉m͉р200. In order to identify the quasienergy states that localize on the resonances, one can construct and analyze the ͑Husimi͒ phase-space distribution of each quasienergy state. A much simpler method ͓25͔ is to plot the expectation value of the kinetic energy ͑31͒ against the entropy
of each state as a measure of the degree of delocalization of the state ␣ in the free-rotor basis. Such an energy-entropy FIG. 1. Classical stroboscopic Poincaré section for a driven rotor with force amplitude f ϭ0.1 at times tϭnT, nϭ1,2, . . . , where Tϭ2 is the period of the field (⌰ϭϩ). Two primary resonances with winding numbers ⍀(J ϩ )ϭ1 and ⍀(J Ϫ )ϭϪ1 are clearly seen. As a result of the perturbation between them, a secondary resonance coupling the motion of the two primary islands can also be observed.
plot is shown in Fig. 2 for the even quasienergy states ͑a similar diagram is obtained for the odd states͒. We observe a clear distinction between three types of quasienergy states. The upper branch corresponds to states ͉⌿ ␣ (0)͘ associated with the outer regular region above the upper and below the lower resonance in Fig. 1 . The horizontal branch is made up of the states associated with the regular regions inside the fundamental resonances and the lower branch corresponds to states associated with the region between the primary resonances. In addition, there is a second horizontal branch with approximately zero kinetic energy, which is related to the states localized on the inner resonance chain.
Let us discuss the primary resonance states in some more For increasing field strength, the coupling between the resonances is stronger and points on the lower and upper branches and the ones on the horizontal branch with high values of S ␣ develop into on a chaotic region. A ''chaotic cloud'' of states with high entropy and almost the same average kinetic energy appears ͓24,27͔. The beginning of this development is already seen in Fig. 2 , where some states do not really belong to the upper and lower branches, but are distorted separatrix states.
As a semiclassical estimate, the number of states inside the fundamental resonance is calculated from the area inside the resonance divided by 2ប, which leads to a number of 57 states inside each resonance for f ϭ0.1.
The horizontal branch in Fig. 2 consists of 59 even states with ␣ varying from 72 to 130. By simple inspection, one sees that the outer separatrix states are the ones from ␣ ϭ72 up to ␣ϭ130 for the even states and ␣ϭ71 to 129 for the odd ones. The even states with ␣ϭ73, 74, 75, and 76 and the odd ones with ␣ϭ72, 73, 74, and 75 belong to the resonance, but they are close to the separatrix and therefore considerably perturbed.
The states localized at the resonance should be ordered, as far as the resonance approximation works, by the expectation value of the invariant operator Î of the single-resonance system ͑compare Sec. III͒, i.e.,
The lowest value of ͗Î͘ ␣ should correspond to the innermost resonance state, the next to the second, and so on, as illustrated in Fig. 3 . The states 74 and 76 do not follow the ordering with ͗Î͘ ␣ . The states with ␣ϭ72 and 130 are completely out of the scale of this plot, confirming the above criteria about the strongly perturbed states. They all belong to the chaotic cloud.
We are now in position to make a comparison with the quasienergy spectrum of the resonance states of the integrable system of Sec. III. For the invariant approximation the ordering is clear: The first corresponds to the lowest value of c 2n , a 0 , the second to b 2 , and so on. For the nonintegrable system, we exclude the states with ␣ϭ73, 74, and 76, which cannot be ordered in this way. The results are shown in Table I , where the exact numerical quasiangles ␣ ex are compared with the approximation ͑23͒, ␣ I . "The characteristic values c 2n were calculated from the roots of continuous fractions ͓see ͓17͔͔ Eqs. ͑20.2.13͒, ͑20.2.21͒, and ͑20.2.23͔͒.…
The horizontal line in Table I marks the semiclassical position of the separatrix for the integrable case. As one can observe, the agreement is surprisingly good in view of the crude approximation in terms of the invariant of the singleresonance case. Also shown in the table is the harmonic- oscillator approximation ␣ HO developed in ͓25͔. This approximation describes the lowest resonance states and breaks down already for the 7th state, whereas the present one works quite well up to the 54th state. In particular, the approximation works well also for states above the separatrix.
There is, however, a systematic deviation of about 0.1 for all the resonance states. This offset of the approximated quasiangles can be attributed to the deformation of the trajectory of the stable fixed point at the center of the resonance because of the perturbation by the second one.
Quantitatively, this can be taken into account by a ͑semi͒classical consideration: In ͓8͔ it has been discussed in a general context in which way the resonant dynamics can be mapped onto the integrable motion described by the Chirikov Hamiltonian HϭE 0 ϩ (G/2) p 2 Ϫ (F/2)cos͓ Ϫ (r/s) t͔ ͓compare Eq. ͑16͔͒ by using data directly drawn from the classical dynamics. It was shown that the three parameters of this Hamiltonian are determined by the area of the resonance as well as the rotational frequency po and the action S po of the central elliptic orbit, where the latter determines the constant energy shift E 0 ͑for more details see ͓8͔; note, however, that the definition of E 0 given there differs slightly from the present one͒. Assuming the other two parameters to be determined correctly in Eq. ͑27͒ ͑i.e., Gϭ1 and Fϭ f ), one easily finds the constant energy shift to be
Consequently, expression ͑20͒ adopts the generalized form
͑37͒
Using the expansion c 2n ϭϪ2qϩ2ͱq(2nϩ1)ϩO͑1͒ of the characteristic values of the Mathieu equation ͓17͔, one obtains for the low-lying states the harmonic-oscillator approximation
where po ϭͱf /2 is the frequency of rotation around the elliptic orbit. For an alternative derivation of Eq. ͑38͒, based on a canonical transformation to a coordinate frame relative to the periodic orbit, see ͓12͔.
In a numerical simulation of the classical dynamics, the action of the elliptic orbit was determined as S po ϭ3.454 75, yielding a global shift in the quasiangles of 0 ϭ2E 0 /ប ϭ0.1005. The semiclassical values, corrected by this shift, are listed as ␣ II in Table I . They show for all states inside the separatrix excellent agreement with the exact numerical results. For the states located outside the separatrix ͑listed in Table I below the horizontal line͒ the agreement is gradually declining. For states in between the two resonances (␣ р72) this is not unexpected since the approximation of the dynamics by one resonance only cannot work perfectly there. On the other hand, for very large energy the system approaches the free rotor such that for very large ␣ the ͑non-corrected͒ approximate values ␣ I will slowly converge towards the exact ones. This convergence, however, is not visible within the range of the results presented.
V. CONCLUSIONS
We have presented here a formalism for calculating the quasienergy spectrum and states of T-periodic systems when a T-periodic global invariant operator is known. Although the association between the invariants and the quasienergies is already clear for semiclassical quantization theories, it appears here in a purely quantum context and is definitely more direct: There is a one-to-one relation between the spectrum and eigenstates of the invariant and the quasienergy spectrum and quasienergy states. As an example, the integrable single-resonance model has been studied in detail, showing this correspondence clearly. Furthermore, the formalism was applied to a nonintegrable system where some local invariants can be approximated: the double-resonance model. It is, however, made clear that the problem is here shifted to the search of good invariant operator approximations, a problem that for timedependent quantum systems should be studied in more detail.
An interesting problem arises here: When a nonintegrable system can be solved by the approximation of several local invariants, one may be tempted to ask whether it is possible to calculate their mutual perturbation in a way similar to the one usually applied in the case of double-well potentials. For the rigid-rotor presented here, the invariants were approximated locally around each resonance, yielding a doubledegenerate quasienergy spectrum. It seems to be possible, by an invariant interaction analysis, to calculate the shifts and splittings of the quasienergies. Work along this line is in progress and results will appear elsewhere.
